In this article we present four necessary and sufficient conditions for a natural number to be prime. Theorem 1. Let p be a natural number, p ≥ 3 : p is prime if and only if
( )! ≡ p − 1 2 (mod p) .
Proof:
Necessity: p is prime ⇒ p − 1
( )! ≡ −1(mod p) conform to Wilson's theorem. It
results that ( p − 1)( p − 2)( p − 3)! ≡ −1(mod p) , or 2( p − 3)! ≡ p − 1(mod p) . But p being a prime number ≥ 3 it results that (2, p) = 1 and p − 1 2 ∈Z . It has sense the division of the congruence by 2, and therefore we obtain the conclusion.
Sufficiency:
We multiply the congruence 
Wilson's theorem, or 6( p − 4)! ≡ 1(mod p) ; p being prime and greater than 4, it results that (6, p) = 1.
It results that
A) If p = 6k − 1, then 6 | (p + 1) and (6, p) = 1, and dividing the congruence 6( p − 4)! ≡ p + 1(mod p) , which is equivalent with the initial one, by 6 we obtain:
B) If p = 6k + 1, then 6 | (1 − p) and (6, p) = 1, and dividing the congruence
, which is equivalent to the initial one, by 6 it results:
Sufficiency: We must prove that p is prime. First of all we'll show that p ≠ M6 . . Therefore 2k | (6k − 4)! and 2k | 6k , it results (conform with the congruencies' property) (see [1] , pp. 9-26) that 2k | (−k) , which is not true; and therefore p ≠ M6 .
by multiplying it with the initial congruence it results that:
Let's consider lemma 1; for p > 4 we have: It results that p is of the form: p = 6k ± 1, k ∈N * and then we have:
( p − 1)! ≡ −1(mod p) , which means that p is prime.
